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EFFECT OF SEEDING AND ION SLIP ON ELECTRON
HEATING IN A MAGNETOHYDRODYNAMIC

GENERATORT

SUMMARY

The influence of electron-ion collisions on the attainment of high electron
temperatures and their corresponding effects on conductivity and power density
in magnetohydrodynamic generators have been examined theoretically. For argon
seeded with various small amounts of cesium, 1t was found that the presence of
seed is actually deleterious to electron heating. The maximum electron tempera-
ture, conductivity, and power density are attained without seed. The effect of
ilon slip has also been analyzed, and the value of the ratio of magnetic field to
gas pressure for maximum power density has been determined for unseeded argon.

INTRODUCTION

The magnetohydrodynamic (MHD) power generator, which converts the kinetic
energy of a conducting fluid directly into electrical energy, has shown promise
of becoming an important energy-conversion device (ref. 1). One of the funda-
mental problems with this device has been the attainment of a sufficiently high
equilibrium electrical conductivity of the gas at the static temperatures that
are attained in practical generators.

Since the useful electrical power produced by the generator is proportional
to the kinetic energy of the gas flowing through it, high gas velocities are
desirable. To provide such high velocitles, a large portion of the initial ther-
mal energy of the gas must be converted into kinetic energy, and this process
reduces the static gas temperature and, therefore, the equilibrium degree of
ionization and conductivity. One means of providing a sufficlently high con-
ductivity at the static gas temperature involves preheating the gas and seeding
it with an alkali vapor (e.g., cesium or potassium) of low ionization potential.
In several experimental devices (refs. 2 to 4), combustion gases have been used,
which required a flow-through cycle. At the attainable gas temperatures (2000°
to 3000° K), only the seed vapor becomes ionized to any appreciable extent.

lA brief summary of some of the results presented in this report was given
at the Fourth Symposium on Engineering Aspects of Magnetohydrodynamics,
Berkeley, California, April 10-11, 1963.



The apparent limitatlon imposed by the meximum permissible gas temperature
may, 1ln fact, be circumvented by nonequilibrium ionizatlon processes. The proc-
ess of electron heating has attracted considerable attention as a means of pro-
viding an adequate degree of lonization even at comparatively low gas tempersa-
tures. In this process, the electrons galn energy from the induced electric
fields. On elastic collislon with lons or stoms, the directed energy of the
electrons is converted into random or thermal energy. The electrons lose energy
in these collisions, but, because of the large disparity in mass between the
electron and its collision partner, this energy loss is & very small fraction of
the initial kinetic energy of the electron (ref. 5, p. 474). Consequently, in a
strong electric field the electrons may acqulre a mean thermal energy that great
ly exceeds the mean thermel energy of the gas. Moreover, because of their high
energles, the electrons may cause further ionization on collision with the gas

atoms.

The presence of electron heating in gas-discharge phenomena was recognized
by early workers in the field of gaseous electronics (ref. 6). More recently,
Kerrebrock (ref. 7) noted that the measured conductivity of a potassium-seeded
argon plasma was larger than that which could be provided by equilibrium ioniza-
tion at the gas temperature. Kerrebrock assumed that this effect was due to
electron heatling and proposed a simple theory to predict the conductivity at
elevated electron temperatures. The essential feature of this theory is that
the ionization and volume recombination processes are assumed to be in equilib-
rium at the electron temperature. The Saha equation, which is based on equi-
1librium thermodynamics and statistical mechanics (e.g., see derivations in ref.
5, p. 427 and ref. 8), is used to calculate the degree of ionization, but the
electron temperature is used in place of the equilibrium gas temperature.
Kerrebrock found that the predicted variation of conductivity with both current
density and gas tempersture was in agreement with the experimental results and
therefore concluded that the assumption of ionization equilibrium at the elec-
tron temperature was justified. The validity of the application of the equi-
librium Saha equation to the nonequilibrium case of ionization at elevated elec-
tron temperatures has been established for & cesium plasma by Ben Daniel and
Tamor (ref. 9). The results show that the Ssha equation is an excellent approx-
imation for electron temperatures in excess of 0.3 electron volt and cesium gas
densities grester than 1014 atoms per cubic centimeter.

The application of Kerrebrock's theory to various configurations of MHD
generators was carried out by Hurwitz, Sutton, and Tamor (ref. 10). TIn thaet
paper, as in Kerrebrock's analysis, the electron temperasture was determined by
equating the rate of energy gain by the electrons from the induced electric
filelds to the rate of energy loss in elastic collisions with the neutral gas
atoms. Because of the low degrees of ionization attalned, electron-ion collis-
ions were assumed to occur Infrequently and thelr contribution to the energy
transfer was negligible. A somewhat similar analysis of the performance of MHD
generstors with electron heating was made independently by Wright and Swift-
Hook (ref. 11), and electron-ion collisions were also neglected by them.

The neglect of electron-lon collisions is not Jjustified, even for low
degrees of lonization. If & monatomic gas with a small cross section 1s used,
calculation shows that the electron temperature may become so high that a degree



of ionization is attained at which electron-ion collisions are the dominant mo-
mentum and energy interchange process. Because of the large coulomb cross sec-
tion for electron-ion collisions, such a situation may occur at a quite minute
degree of ionization. Dougal and Goldstein (ref. 12) have shown experimentally
that, under certain conditions in gas discharges, the energy exchange between
the electrons and lons predominates even when the degree of ionization is less
than 0.001 percent.

The object of the present report is to assess the effect of electron-ion
collisions on the attainment of high electron temperatures and the performance
of MHD generators. This effect is studled with particular reference to the
optimum conditions of operation of the generator, particularly the optimum
degree of seeding and the optimum gas pressure.

MOMENTUM AND ENERGY EQUATIONS

A partially ionized, electrically neutral mixture of monatomic gases is con-
sidered. The gas mixture consists of atoms (A) and singly charged ions (A") of
the carrier gas, atoms (S) and singly charged ions (S') of the seed gas, and
electrons (e). (Symbols are defined in appendix A.) The gas moves as a whole
with velocity T perpendicular to a uniform static magnetlc field of intensity
B. As & result of this motion an induced electric field 4 xXB is set up, which
together with the electric field E pressure gradients, and other forces causes
the various species of particles to move with drift velocities W,(r=A,A",S,s™)
relative to the mean gas flow. Furthermore, the charged particles may absorb
energy from the electric field and acquire temperatures that exceed the mean
static temperature T of the gas mixture.

In principle, it is possible to determine the temperatures and velocities
of the various species by considering a system of five momentum and five energy
equations, one for each species, in conjunction with other equations describing
other properties that may be involved. Since all these equations are coupled,
such a general program clearly involves a prohibitive degree of complexity. A
much simpler system of equatlions will be used herein. These equations are con-
siderably simplified versions of momentum and energy transfer equations that were
derived by Burgers 1n references 13 and 14 from the Boltzmann equation. The
simplifications are described in appendix B and are equivalent to the neglect of
spatial nonuniformities in the properties of the electrons and ilons, but some
attempt is made in appendix B to justify the neglect of such terms. Of perhaps
more significance than the neglect of nonuniformities is the fact that the basic
equations derived in references 13 and 14 neglect inelastic collisions. In-
elastic collisions will also be neglected herein.

The simplified momentum equations are

oy > = mamy L
er(E* + Wy X B) = a;—;—ﬁg Ve (W = W)
t
(r = e, AT, s t = ¢, A", 5%, 4, 8) (1)



Fquation (1) simply expresses a balance between the rate of Increase in the aver-
age momentum of species r due to the action of the Lorentz force (left side)
and the rate of momentum loss through collisions with all other species (right
side). Here, er and my _are, respectively, the charge and the mass of a par-
ticle of species r, and E* 1is the effective electric field in a system of co-
ordinates moving with the mean gas velocity E; that 1is,

ety

- - -
EE =E+ u XB (2)

where E is the electric field (v/m) in the laboratory coordinate system, and
B is the intensity of the magnetic field (wébers/sq m). As mentioned before,
Wy 1is the mean drift velocity of species r, that is, the velocity relative to
the gas velocity 4. The mean collision frequency for momentum transfer from
species r to species t 1s denoted by vnt. The expressions for the various
quantities vpt will be presented in the section Collilsion Fregquencies.

It should be pointed out that the momentum equations are written only for
the electrons and the ions. The further assumption is made here that the drift
velocities of both the seed and the carrier gases are negligible. Since the
atoms are not subject to the electric forces that give rise to the drift veloc-
ities of the charged species, this is certainly a reasonable assumption.

The temperatures of all atom and ion species are assumed to be equal to the
static temperature T of the gas mixture, excluding the electrons (see appen-
dix B). Therefore, the only energy equation that will be considered is the fol-
lowing simplified energy equation for the electrons:

Zm
3 e
—ew_ + E = 5 k(Te - 7) — Vgt (3)

t%e

where e 1s the magnitude of the charge of an electron, and k 1s the Boltzmann
constant. Equation (3) balances the rate of gain of energy by the electrons from
the effective electric field EX with the rate of loss of energy in elastic col-
lisions with atoms and iloms.

Although inelastic collisions are not consldered here, in some cases they
may be taken into account by using an appropriately modified collision frequency.
In references 7 and 10, a mean loss factor is introduced on the right side of
equation (3) in the term referring to electron-neutral collisions. This factor
accounts for the energy lost by the electrons in execiting the vibrational and
rotational energy levels of a molecule on collision. Since this factor may be
large, a polyatomic gas is generally disadvantageous for electron heating. Thus,
attention is restricted here to monatomic gases.

Equations (1) and (3), together with the Saha equations, which predict the
degrees of ionization of the carrier gas and seed as a function of electron tem-
perature, form the basis of the subsequent analysis. The Saha equations are
presented in the next section. Then the problem is treated in two parts. In the




first part it is assumed that ion slip is negligible. This means that the den-
slty of the neutral gas is sufficiently high and the fields sufficiently low that
collisions between the atoms and the ions effectively constrain the ions to move
at the gas velocity; that 1s, the drift velocities of the ion species may be
taken to be zero. For the case of negligible ion slip, the seeded gas will be
treated, and particular attention will be pald to the question of the optimum
degree of seeding.

Ton slip may become important for strong magnetic filelds or low gas den-
sities. Thus, the effect of lon slip 1s considered in the second part of the
problem. For thils case it is sufficient to consider an unseeded gas, for
regsons that will appear later.

DEGREE OF IONIZATION OF A SEEDED GAS

The degree of ionization of a seeded gas 1s obtained on the basis of
Kerrebrock's assumption (ref. 7), that the volume ionization and recombination
processes are in equilibrium at the electron temperature and that the Saha equa~
tion 1s valid. In previous analyses (refs. 7 and 10), it has been assumed that
only the seed provides an appreciable number of ions and electrons; however, in
anticipation of high electron temperatures, the ionization of both the seed and
the carrier gas will be considered here. Thus, it is necessary to solve the
following two Saha equations (ref. 15):

For S 28 + e

Il

wZ ) P | - T (4)

For A 2-A+ + e:

N 2 (5)

3/2
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e AV _ TRA < e %) exp | - A
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In these equations, VS and VA are the first ionization potentials of the seed
and the carrier gas, respectively, h is the Planck constant, and 8oty Bgr Epts

and gp are the ground-state degeneracies of the respective ions and stoms. A
table of these degeneracies for several gases is given in reference 186.

Before ionization takes place, let there be NX atoms of the carrier gas
and Ng atoms of the seed per unit volume. Then

NX:NA+NA+
(6)
N° =N, + N

S S st



The equations (4) to (6) together with the condition of charge neutrality

Ne = A+ + NS+ (7)

are sufficient for the determination of Ne as a function of Te once
Nz and Ng have been specified.

Numerical solution of these equations is required, and an iteration method
is convenlent. Since the ionization potential of the carrier gas is usually
several times that of the seed, this method may be carried out as follows. For
the first approximation, N,, may be set equal to zero in equation (7) and Ney
calculated from equation (4). This value of Ngt+ 1s then used with equa-
tions (5) and (7) to calculate N,;. The process is repeated with the value ob-

tained for NA+. This procedure was found to converge quite rapidly.

GENERATOR WITH SEEDED GAS
Current -Temperature-Field Relations

To determine the electron temperature from the electron energy equation (3),
it is first necessary to obtain the electron drift velocity from equation (1).
Here it is assumed that w_ =0 for r = A, Af, S, S+; hence, all the momentum
equations (1) except that for the electrons may be discarded.

If the electron mass is neglected when it appears in the sum mg + my(t #£ e)
and the total colllsion frequency v is introduced, the electron momentum equa-

e
tion may be written as

oy - - —
~e(E" + Wy X B) = mgVwg (8)

Ve = ; 'Vet (9)
t#e

It is convenient to formulate the problem in terms of the electron current
density

where

J = -N ew (10)
e e e

which in the case of no ion slip is also the total current. Equation (8) may be
written as

- B _ >y
Jo = Bg § X Jg = 0B (11)




where o, 1is the scalar conductivity

o. = _8 (12)

and Bg is the electron Hall parameter, which is defined as

[é8)
By = —& = _©B (13)
1% m_V
e e e

where g = eB/me 1s the electron cyclotron frequency.

It will be assumed that there is no component of the electrostatic field E
in the direction of the magnetic field; hence, the effective field T* and the
current are perpendicular to B. This assumption is based on the fact that the
two walls of the generator duct that are perpendicular to the magnetic field are
insulators with no potential difference between them. FEquation (11) may be
easily sglved for Je Dby multiplying both 51des by the vector operator

(1 + Be B x) and by noting that, because B + Je = O,

—
B+ \_ 7
X(EXJe)——Je

Wl i

The result is

Q
o o
i

— o >y
Je = —E (E + Be
1+ Be

(14)

The second term in the parentheses on the right 51de of equation (14) rep-
resents the Hall field, which 1s perpendicular to both B and EBF.

The energy equation (3) 1s rewritten as

- >y

3
Jo v E = Ek(Te - T)veNe (15)
where 125 is the effective collision frequency for energy transfer defined as

Zm
v, = —&v (16)

t%e

The energy equation (15) may be recast in the following manner: Either Ee
may be eliminated by means of equation (14), so that a relation is obtained be-



tween the electron temperature T and the effective field E*, or E? may be
eliminated by means of equation {Il), so that an equation relating Je and Te
is obtained. The latter choice is adopted here. From equation (11), it follows
that

JZ
- -
I, EF =2 (17)
%o
hence, equation (15) may be written as
2
2 e~k
-5 2E 8, - 1) N (18)
where m is the mass of an atom of the carrier gas and O 1s defined as
m
IITt"et
s-lm YE_ tfe (19)
V4 m, Vg

(D<
ct

t

S
[0}

Tt can be seen from equation (19) that ©® is of the order of m/mt, where
the subscript t corresponds to the atom or the ion species with the largest
collision frequency vg¢. For argon seeded wilth cesium, © may vary between
mAr/mCs ~ 0.3 and 1. TFor an unseeded gas, © =~ 1. Thus, iIn the cases of in-
terest in this report, 8 is only weakly dependent on the magnitude of the col-
lision frequencies, so that equation (18) is virtually independent of the col-
lision frequencies.

Solution for Segmented Generator

For purposes of calculation, it is convenient to proceed in the following
manner: An electron temperature 1s assumed, and the electron number density
calculated from equations (4), (5), and (7). The magnitude of the current is
then determined by means of equation (18), once the collision frequencies haze
been found and O has been calculated. The corresponding effective field il
is obtained from equation (11) to determine the generator operating point.
Since only the magnitude of the current can be found from equation (18), it is
necessary to have a condition on the direction of eilther the current or the
electric field. This condition 1s obtained from consideration of the generstor
configuration.

The configuration of a segmented electrode generator to be considered is
shown in the following sketch. This configuration has been proposed to eliminate
the axial Hall current and thus improve the generstor performance (refs. 1
and 10). Each pair of electrodes 1s connected to a separate load, and the loads
are adjusted so that there is an axial electric fleld E,;, which just balances

8




the Hall field BeEz‘ Thus, no current flows 1n the x-directiomn.

rElectrodes
\

/
/ \

\
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For simplicity, it 1s assumed that the electrodes are so finely segmented
that their structure introduces no nonuniformities into the flow. If Je % is
set equal to zero in equation (11), the current is ’

J =g B =0 (E - uB 20
e,y oy of 5 ) (20)

It is customary to define a load parameter K as the ratio of the voltage
across the electrodes to the open circuit voltage, that is

E J B
K= =1+ _SY¥=1+_JL (21)
uB gouB uB

For open circuit K = 1, whereas for short circuit K = O, and the short-circuit
current is Jg = ~0quB. The maximum rate of electron heating occurs with a
short circuit,’since

2 =% *2 212 2

To + B = 0 By2 = 0ufBE(1 - K) (22)
After the magnitude of the current has been obtained from equation (18), the

load parameter is calculated from the relation

(23)

where

Jo=17_ |
€ ST

It should be noted that, although equation (18) is virtually independent of
the collision frequency, egquation (23) indicates that the relation between the
current and the electric field involves the collision frequency through the con-
ductivity Oy '



The power density (power developed per unit volume) is
P=-Jg E (24)
For the segmented generator, the power density is

P = o u’B%K(1 - K) (25)

The calculation of current, conductivity, load parameter, and power density
for a specified electron temperature may be carried out in a straightforward man-
ner from the preceding equations. The value of T, for which K becomes zero
is the maximum electron temperature; electron temperatures between this value and
the gas temperature T correspond to load parameters between O and 1. To carry
out these calculations, the collision frequencies must be known.

Collision Frequencies

In Burgers' notation (ref. 13), the average collision frequency vyt for
momentum transfer from species r to species t is

2

where Zﬁ%l) is the cross section for momentum transfer averaged over all scat-
tering angles and relative velocities of the colliding particles and o is a
mean thermal speed:

2 2kT 2kTy
m

(27)

In the case of collisions between electrons and lons or atoms, clearly, o
may be approximated by the mean electron thermal speed w/ZkTe7me.

For collisions between electrons and atoms, the hard elastic sphere model
gives (see egs. 130a and 131, ref. 13)

In most of the development of reference 13, the temperatures T, and Ty
are assumed to be nearly equal to the mean gas temperature T, so that
ol = ZkT/u, where u = mrmt/(mr + mt ). This assumption is removed in Section 25
of that reference, however, and it is shown there that for the energy equation
the only change is that o? is replaced by equation (27) (see first equation
at the top of p. 118, ref. 13). By an extension of Burgers' analysis to the
case of arbitrary temperature differences between species (Tr - Tt), it is pos-
sible to show that the same modification of « is also the only essential
change in the momentum transfer equation. (The method outlined in reference 17
may be utilized in proving the preceding statement. ).

10



A1) _ 4 2y (28)

es, ﬂ/ﬂ

where o 1s a distance of the order of the radius of the atom. In this report,
however, the experimentally determined value of thg cross section for electron-
atom collisions Qea will be used in place of wc”. The electron-atom collision
frequency 1s then written as

1/2
8kT
Ves = % Ny Qe <ﬂm f) (a = 4 8) (29)

For collisions between electrons and ions, the cross section is (see
eq. 147, ref. 13, rewritten here in mks units)

2
zéil) =2 +/xn (_jfi__> in A (30)
e

where from equation 150, reference 13

lZﬂ(eokTe)S/z ; TE/Z
A= 5172 = 1.24X10 7% (mks units) (31)
e Ni Ni

The electron-ion collision frequency is then

A N, In A g N In A : |
I — — 3.63X10 mks units
6(2me)l/2 ei(nk)s/z Tz/z Tz;z

(32)

Before the results for generator performance are presented, it 1s of inter-
est to compare the various collision frequencles for a seeded gas over a range
of electron temperatures. Such a comparison will ald in the interpretation of
the subsequent results.

A cesium-seeded argon plasma is considered. The following condltions,
which are appropriate to an MHD generator, are assumed: an argon number density
NX = 1.1X1018 per cubic centimeter and a cesium number density Ng = 1.1x1016
per cubilc centimeter, or l-percent cesium seed. (This argon density corresponds
to a generator operating at Mach 3, a stagnation temperature of 2500° X, and a
stagnation pressure of 3 atm.) For argon, the atom and the ion degeneracies
are, respectively, Bpp = 1 and Bppt = 6, while for cesium, 8pog = 2 and
Bogt = 1 (ref. 16). The ionization potentials of argon and cesium are 15.68 and
3.89 volts, respectively.

11



The degrees of ionization Nﬁf/NX and NS+/N§ of argon and cesium are
calculated for various electron temperatures from the Saha equations (4) and (5),
and the results are shown in figure 1. It can be seen that the l-percent cesium
seed becomes nearly fully ionized at an electron temperature slightly above
5000° K. The degree of ionization of argon is insignificant below electron tem-
peratures of 7000° K. When the electron tempersture reaches lO,OOOO K, however,
the number densities of argon and cesium ions are comparable.

Experimental values for the electron-atom cross sections are required to
calculate the collision frequenciles. The average cross section for argon was
taken to be 2.0x10~17 square centimeter, which 1s approximately the value at the

Ramsauer minimum (ref. 18).

There 1s some disparity in the datas available for electron-cesium cross
sections at electron energies less than 1 electron volt. The mean momentum
transfer cross section reported in reference 19 decreases from 10.6x10-14
square centimeter at an electron temperature of 450° X to 8.5x10-14 square cen-
timeter at 550° K. Unfortunately, this temperature range is too narrow to cover
the cases of interest here in which the electron temperature may be considerably
higher. On page 311, reference 20, a constant cesium cross section of 1.3x10-14
square centimeter is quoted as an applicable value for electron energies in the
range 0.1 to 0.5 electron volt (1160° to 5800° K). According to the older data
of reference 21, which do not go below about 0.5 electron volt, the cesium cross
section is approximately 3.3x10-14 square centimeter at this energy. In refer-
ence 22, cross sectlons were reported in the range 0.05 to 0,062 electron volt,
values considerably lower than those cited previously (about 1/20 of values of
ref. 19). Finally, theoretical elastic cross sections for cesium were derived
in reference 23. The theoretical momentum transfer cross section decreases from
4x10-14 square centimeter at an electron temperature of 1000° X to 2x10-14

square centimeter at lO,OOOo K.

In view of the disparity of these data, for the purposes of the calcula-
tions in this report, & constant value of 3. 3x10-14 square centimeter was taken
for the electron-cesium collision cross section. This value agrees with the
data of reference 21 and the theoretlcal values of reference 23. Tt may also be
noted that the extrapolation of the data of reference 19 toward 1 electron volt
approaches the value given in reference 21 (see fig. 3, ref. 19).

The collision frequencies for the electrons with the various constituents
of a cesium-seeded argon plasma are shown as a function of the electron tempera-~
ture in figure 2. The same conditions as for figure 1 are assumed. For clarity,
the collision frequencies with the two ion species were calculated separately.
From figure 2 it is clear that, at electron temperatures above 2500° K, the
electron-ion collision frequency is the dominant one. Also, because of the
presence of seed, the total collision frequency ve behaves in an unusual man-
ner, first increasing rapidly until the seed is nearly fully ionized (at about
5000° K), then decreasing slowly until, at about 9000° K, the ionization of

argon causes 1t to rise again.
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Performance of Segmented Generator

For the segmented generator, electron temperature, conductivity, power den-
sity, and Hall parameter were calculated as a function of the load parameter for
argon seeded with various small amounts of cesium. The static gas temperature
T and static pressure p were referred to the stagnation temperature Tp and
pressure Py by the usual relations for isentropic expansion, which are good
gpproximations for small degrees of ionization:

1

P r-1
0. (1 +r-1 M2> (33)
o) 2

T
._.O_=l+Y_é'_].:M2 (34)

where M 1is the Mach number of the flow near the entrance of the generator.
The gas velocity is

u=Myy="T (35)

For a monatomic gas such as argon, the ratio of specific heats 1s 7y = 5/3.

The followlng conditions were chosen for the calculations for which the re-
sults are shown in figures 3 to 5: stagnation pressure, Pos 5 atmospheres;
stagnation temperature, TO, 2500° K; Mach number M, 3. For these conditions
the initlal number density of the argon in the generator NX is 1.1x1018 per

cubic centimeter, as in figures 1 and 2. The gas velocity is 1400 meters per
second, and the gas temperature is 625° K.

Calculations were carried out for two magnetic-field strengths, 0.2 and
2 webers per square meter (2000 and 20,000 gauss, respectively) and several
values of the seed fraction. The stronger field was chosen to be of the same
order as the fields achieved in present experimental generators (refs. 1 to 4).
It might be expected that, with a relatively weak magnetic field, the effective
electric field E* would be reduced to such an extent that electron heating
would be insignificant. To establish whether this was, in fact, the case, the
weaker field of 0.2 weber per square meter was also picked.

For these two magnetic-field strengths and the aforementioned gas condi-
tions, the lcad parameter was calculated as a function of the electron tempera-
ture from equations (20) and (25). The electron temperature is plotted against
the load parameter in figure 3. It may be noted that, for the segmented gener-
ator, the highest electron temperature is attalned with a short circuit. The
most striking facts about figure 3 are that for both magnetic-field strengths
the electron heating is appreciable and that the highest electron temperature
for any value of the load parameter is attained for an unseeded plasma. It is
also interesting to note that, to certain values of the load parameter, there

13



correspond two or three electron temperatures. Depending on how the field is
varied, some of these points may represent unstable states. The unusual shape
of the curves for seeded argon arises from the behavior of the total collision
frequency ve Wwith increasing electron temperature illustrated by the solid

curve in figure 2.

The reduction of the magnetic field from 2 to 0.2 weber per square meter
produces a comparatively small percentage reduction in electron temperature. For
unseeded argon, the electron temperature decreases by 20 to 30 percent when the
magnetic field is reduced. With the addition of seed, however, the electron
temperature is depressed even more in the case of the weaker magnetic field. For
example, for B = 2 webers per square meter and 1 percent seed, the electron tem-
perature may still reach 9000° K for sufficiently small load parameters, but
with B = 0.2 weber per square meter, the presence of 1 percent seed depresses
the electron temperature to values below 3000° K for all load parameters.

The electron temperature is, by itself, an inadequate indication of gener-
ator performance. Therefore, the conductivity and power density are plotted
against load parameter in figures 4 and 5, respectively. The curves of figure 4
for conductivity are quite similar to the curves of figure 3, as might be ex-
pected, since, when electron-ion collisions dominate, the conductivity varies as

Tg 2. For both magnetic-field strengths and for all values of the load param-
eter, the conductivity 1s the greatest for the unseeded gas.

The curves of figure 5 for power density show the effect of seeding on gen-
erator performance most clearly. It can be seen that, for all values of the
load parameter, the highest power density is achleved without seeding. As the
percentage of seed is increased, the sharp reduction in power density extends to
lower values of the load parameter. The reduction of the magnetic field from
2 to 0.2 weber per square meter is accompanied by & drop in the power density of
more than two orders of magnitude. The factor BZ in the expression (25) for
the power density 1s responsible for most of this drop, the remainder being
caused by a smaller conductivity due to the lower electron temperature. Further-
more, for the weaker magnetic field, the same percentage of seed causes a larger
percentage reduction 1n the power density, as can be seen by comparing the curves
of figures 5(a) and (b) for 0.1 and 1 percent seed.

The fact that seed actually impairs performance may be explained as follows.
Although the seed ionizes much more easily than the gas at relatively low tem-
peratures (less than 5000° K), the total electron collision frequency also in-
creases because of collisions with the ions provided by the seed. The electron
temperature is reduced somewhat by the energy lost in these collisions. The
conductivity, which when electron-ion collisions dominate_is virtually inde-~
pendent of the electron number density and varies as T3 2, is then also reduced.
Thus, whenever the electron temperature attains a level at which electron-ion
collisions dominate (which may occur at relatively low temperatures, of the order
of 2500° K), the addition of seed results in a drop in performance.

Since electron-ion collisions limit the attainable electron temperature in

all cases considered here, the results will not be sensitive to the disparities
in the cesium atom cross section mentioned previcusly. A significant change in
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the calculated results would appear only if the actual cesium cross section turns
out to be larger than the value used here by more than an order of magnitude.
Even if that were the case, the conclusion that seeding inhibits electron heat-
ing would still be substantiated.

Finally, it 1s interesting to compare the values of the Hall parameter Be
for the two magnetic fields, 0.2 and 2 webers per square meter. The Hall param-
eter 1s plotted agalinst the load parameter in figure 6. Comparison of fig-
ures 6(a) and (b) shows that, except in the neighborhood of X = 1, the Hall
parameter is Increased only slightly when the magnetic field is increased by a
factor of 10. This is a consequence of the fact that the collision freguency
Ve 1s nearly the same as the electron-ion frequency vg4, which is proportional
to N, and inversely proportional to TS/Z. The stronger magnetic field results
in higher electron temperatures and consequently more ionization, and calcula-
tions show that ve dincreases in roughly the same proportion as B. The fact
that PBe 15 almost independent of B when electron heating is appreciable means
that comparisons of generator performance should not be based on Bg, as was done
in references 10 and 11.

EFFECT OF ION SLIP IN ABSENCE OF SEED

Since the power density is roughly proportional to BZ, clearly, it is de-
sirable to use the strongest possible magnetic field. Furthermore, it is ex-
pected that electron heating would be enhanced by decreasing the density of the
gas, since the collision frequency would thereby be reduced. It has been sug-
gested (ref. 24), however, that ion slip would present a definite limitation on
the gain that could be realized from these attempts.

In this section, the effect of ion slip will be considered. Because of the
results of the previous section, seed will not be used, and a three-component
mixture consisting of electrons and ions and atoms of the carrier gas will be
analyzed.

Current-Temperature-Field Relations

Momentum equations of the form of equation (1) are written for the electrons
and ions. Agaln the drift velocity of the gas atoms is neglected. When me 1is

neglected in the sum mg + mt(t = i, a), the momentum equations become
my (¥ - %) +my ¥ = -e(@+7F x3) (36)
mevie(wi - ﬁé) + % Viaai = e(E* + ﬁi X‘g) (37)
where m 1is the mass of a gas atom.
The electron current is
To = -N e, (38)
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while the total current is

J = Nee(Wy - W) (39)

Since Ne = Nji, the collision frequencies vj, and v,y are equal. Equa-~
tions (36) and (37) may be written as follows in terms of the currents

Je and J:
—> — 2% - -
MmgVeqd - MeVeady = -N.e"E" + eJ, X B (40)
- m - - e — - -
mevesd + B vip(@ - o) = M FE + e(F - F) x B (41)

Equations (40) and (41) are added to eliminate fﬁ, and the resulting equa-
tion may be rearranged to give the following relation between Jg and J:

- 1 — ]—?: -
Jdo = J+ B;s =2 XJ 4z
€ 1T+« < Pi 3 ) (42)

where B4 1s the ion Hall parameter defined as

[don)
py =2 1 =288 (43)
Via mVig
and
m 4
e =2 _8 _&& (44)
m Vig

Equation (42) 1s substituted back into equation (41), and the resulting
equation may be written as follows for the component of J perpendicular to B:

€Y =2 -
% 1 el 7 B
OxE = 1+ + J - (1 - € 2 XdJd 45
o] T+ e < BeBi Ve ) ( ) Be 3 ( )

where o0, 1s the conductivity as defined in equation (12).

From equations (26) to (28) the ion-atom collision frequency may be written

= 1/2
vi& = 4_312. NaQ'ia <f—;§2) (4:6)

and thus,

1/2
¢ = j/Ege_%(ni Tﬁ) (47)
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Since the ratio Qea/Qia is ordinarily less than 1 and since Te/T is of

order 10 for the cases of interest here, € 1s much less than 1. Hence, it will
be neglected in comparison to 1 in equations (42) and (45), which become

X J (48)

=i" -> -
o B = (1 + BeBi)J - B X J (49)

Equation (49) may be solved for the component of 3 perpendicular to § to
yield

F = % (1 )E* +
+ BBy B

wlwd

2 e

- X E*] (50)
2
(1 + BBy)” + By

which, except for the factor 2 in the definition of B4, is ldentical with equa-
tion (27) of reference 10.2

Equations (48) and (49) may be used to write the rate of electron heating

Ee . E* In terms of the total current as the rather simple expression
- 2
I g (51)
%

Thus, the energy equation in the form of equation (18) may be applied to the
ion-slip problem also simply by writing J for Je. The main changes will
appear in the expression for the load parameter in terms of the current.

Sclution for Segmented Generator

For the segmented electrode generator, the assumption is again made that
the field Ex suppresses the Hall current, so that J, = O. In place of equa-
tion (23), the following expression 1s obtained by setting J, = 0 in equa-
tion (49):

K=1- (1+BgBy) EJE (52)
(o]

where the definition of the load parameter K 1s unchanged, and J = ]Jyl.

The same program of calculation that was used before can be employed. The
electron temperature is specified, J is calculated from equation (18), and K

3This difference evidently arises because m was used in reference 10 for
the reduced mass, rather than the correct value m/2.
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is determined from equation (52). Note that, for the same electron temperature
(and consequently the same current), the value of K calculated from equa-

tion (52) is smaller than that calculated from equation (23) with ion slip neg-
lected. In other words, with ion slip, a larger field is required to attain the
same electron temperature, so that ion slip reduces electron heating.

The power density for the segmented generator is

g 242
P=-J =92 _ X(1 - K)u°B 53)
yEy 1 + BeBi ( )u (

Thus, ion slip reduces the power density In two ways. First, because of the
lower electron temperature, o, is reduced, and a second reduction is made by

the factor (1 + Beﬁi)'l.

In equations (52) and (53), ion slip enters through the product of the Hall
parameters B.Bi. To calculate PB4, the ion-atom collision frequency is re-
guired. In the calculations of this report, the collision frequency is obtained
from experimental data on ion mobility. The ion mobility 1s defined as (ref. 25,

p. B1)

e
ui - mvia (54:)

Since Via is proportional to the partial pressure of the gas atoms pg, dccord-
ing to equation (54), HiPg 1s a constant. Usually, the experimental values of
the mobility are referred to some standard pressure and temperature (such as 1 mm
Hg and 300° K), and this standard mobility is denoted Mo+ The mobility data are
then presented in curves of o agalnst E/pa, where E 1s the electric field.
A set of such curves for helium, neon, and argon is presented in figure 3.24(a)
of reference 25. The mobility p, 1s nearly independent of E/pa for low

E4pa, while 1t drops off with high E/Pa‘ Fortunately, for the effectlve fields
E and gas pressures of interest here, it turns out thsat E*/pa remains in the
range for which Mo 1s nearly constant.

From the preceding considerations, the ion-atom collision frequency may be
written as

, -e-flp1 (55)
ia  m  Prer Ho

where p 1s the gas pressure in the absence of ionilzation, f 1s the degree of
ionization, and pg 1s the mobility (in units of mz/(v)(sec)) referred to the
reference pressure p . The mobllity up, also decreases somewhat with in-
creasing gas temperature, but the available data éfigs. 3.25 to 3.27, ref. 25)
on the temperature dependence do not go above 350~ K, so this effect will not be
taken into account. In any case, a smaller mobility would mean less ion slip
snd would result in a more optimistic estimate of the electron temperature. The
values of pg for helium, neon, and argon at 1 millimeter of mercury and 300° K
are given in table 3.1 of reference 25, TFor argon, puo 1s 0.146 square meter
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per volt per second.

From equations (43) and (55), it 1s seen that the ion Hall paresmeter B4 1s
proportional to the ratio B/p. It 1s therefore of interest to establish the gas
pressure and the maegnetic field for which the maximum electron heating and the
maximum power density are attalned.

Performance of Segmented Generator with Ton Slip

Calculations were carried out for unseeded argon in a segmented electrode
generator. Three magnetic-field strengths were chosen: 0.2, 2, and 10 webers
per square meter. The 2-weber-per-square-meter (20,000 gauss) fleld is charac-
teristic of generators that are presently in operation; a 1lO-weber-per-square-
meter (100,000 gauss) field is also attainable. For each field strength and
gas density, electron temperature, conductivity, and power density were calcu-
lated for load parameters varying between O and 1. From these results the value
of K at which the power density reached a maximum was determined. This maxi-
mum power density, along with the corresponding conductivity and load parameter,
is plotted against the reservoir pressure in figures 7 and 8. Figure 7 is for a
Mach number of 3 and a stagnation temperature of 2500° K, for which the gas ve~
locity is 1400 meters per second and the static temperature 625° K. These con-
ditions correspond to the conditions of the previous section. Figure 8 refers
to a Mach number of 1 and a stagnation temperature of 1500° K, for which the gas
velocity is 625 meters per second and the static temperature 1125° K.

Several interesting conclusions can be drawn from these figures. First of
all, for a given magnetic field, the power density reaches a maximum at a certain
value of the gas pressure. At lower pressure, ion slip causes the power to drop
off rapidly, while at higher pressures electron-atom collisions inhibit the at-
tainment of high electron temperatures. Increasing the magnetic field raises
the maximum power density considerably, but the generator must be operated at a
higher gas pressure to produce the maximum power.

The effect of reducing Mach number and stagnation tempersture shows up in a
significant reduction in power density. Thils 1s due mostly to the smaller gas
velocity. For example, comparison of the power-density curves of figures 7 and 8
shows that the maximum power density is reduced by a factor of approximately 1/6.
This reduction is slightly greater than the ratio of the squares of the veloc-
ities, namely, (625/1400)2 ~ 1/5, which 1s the reductlon expected from equa-
tion (53). Actually, because of a smaller induced electric field, the electron
temperature and, therefore, the conductivity is also reduced.

The power-density data of figures 7 and 8 are plotted against B/p in fig-
ure 9 to show more clearly the operasting point for maximum power output. In this
figure, the ordinate is a normalized power density, obtained by dividing the
actual power density by usz, so that the normalized power density has the same
units as conductivity. For a given stagnation temperature and Mach number (i.e.,
a given static temperature and gas velocity), the point of maximum power occurs
at the same value of B/p, independent of the magnetic field. This is a conse~
quence of the fact that By varies as B/p, while because of electron heating
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B is very nearly independent of B; hence, the term 1 + B.B in equations
e eFi
(52) and (53) is a function of B/p only.

For Tp = 2500° K and M = 3, the point of maximum power occurs at
B/p For Tp = 1500° X and M = 1, this polnt is at a lower value of
B/p, namely B/p = 32, This difference arises because the lower gas velocity
in the latter case results in a smaller induced electric field and lower elec-
tron temperatures.

It is interesting to note from figures 7 and 8 that the maximum conductiv-
ity and the maximum power density do not occur at the same pressures. As the
gas pressure is reduced, first the power density drops off, and then the conduc-
tivity. The reason is that the generator load parameter also decreases with de~
creasing gas pressure, as shown by the curves for K. Thus, the conductivity is
not an adequate indication of generator performance by itself. It may also be
seen that the maximum power 1s attained for load parameters between 0.4 and
0.45, instead of 0.5, for which the factor K(l - K) in equation (53) is a maxi-
mum.

Calculations have also been carried out for the Hall generator. The re-
sults for conductivity and power density in the Hall generator are identical to
the results presented herein for the segmented electrode generator, except that
the load parameter K for the segmented generator is replaced by 1 - KHall’
where Kpg,97 1s the ratio of voltage across the terminal electrodes of the

Hall generator to the open circuit voltage.

The operating pressures for maximum power density are quite reasonable; for
B = 2 webers per square meter, the optimum reservoir pressure is 1 atmosphere,
while even for the extremely high field of B = 10 webers per square meter, the
optimum reservolr pressure has the reasonable value of 5 atmospheres. Since ion
slip can be minimized by operating at the proper pressure, it appears that this
effect need not represent any Important limitation on generator performance.

CONCLUDING REMARKS

The calculations presented in this report indicate that very high electron
temperatures, conductivities, and power densities are attainable in magnetohydro-
dynamic generators without seeding, and that seeding actually has a deleterious
effect on electron heatling. The results appear so optimistic that some reserva-
tions need to be made. First of all, it should be mentioned that this conclusion
is valid only for monatomic carrier gases such as helium, neon, and argon, which
have small cross sections for the elastic scattering of low-energy electrons.

Of these gases, argon has the smallest cross section and is thus the most favor-
able for electron heating. In flame gases, which contain nondissociated mole-
cules of water vapor, carbon dioxide, carbon monoxide, and so forth, the com-
paratively large cross sections for collision with electrons (about 100 times
that of argon, see ref. 20) would inhibit electron heating considerably, and it
is to be expected that seeding would be required to provide an acceptable degree
of ionization.
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A more important reservation arises from the assumption made in this report
that the only mechanism of energy loss from the electrons is elastic collision
with ions and atoms. Thus, it has been implicitly assumed that whatever energy
the free electrons lose in inelastic collisions producing excitation or ioniza-
tion of the atoms is returned to them by recombination processes. Actually,
there might be a net energy loss from the free electrons due to radiative recom-
binations and de-~excitations in which the emitted radiation escapes from the
plasma., The net result of recombination could be a reduction of the electron

temperature. The magnitude of this effect may be large and remains to be deter-
mined.

Lewis Research Center
National Aeronautics and Space Administration
Cleveland, Ohio, October 2, 1963
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APPENDIX A

SYMBOLS
magnetic~-field strength
electric field
effective electric field, eq. (2)
electron charge
electric charge of particle of rth species
degree of ionization
ground state degeneracy
Planck constant
current density
load parameter, eq. (21)
defined by eq. (B3)
Boltzmann constant
Mach number
mass of gas atom
mass of particle of rth species
number of particles of rth species per unit volume
sum of number densities of ions and atoms of species
£th

number of particles of specles per unit volume

power density
static gas pressure
partial pressure of roh species

stagnation or reservoir pressure

collision cross section

r,

eq.



T static gas temperature

Tr temperature of rth species

To stagnation temperature

u mean gas velocity, eq. (Bl)

. mean velocity of rth species

VA lonizatlion potential of gas

VS ionization potential of seed

Wy, drift velocity of r°® species, eq. (B4)

Wi drift velocity of tth species

Zﬁ%l) average collision cross section for momentum transfer from species r
to species t

a mean thermal speed, eq. (27)

Be electron Hall parameter, eq. (13)

By ion Hall parameter, eq. (43)

Y ratlo of specific heats

5 defined by eq. (19)

€ defined by eq. (44)

€ permittivity of free space

A defined by eq. (31)

By ion mobility

Ho reference ion mobility

Vg effective collision frequency for energy transfer, eq. (16)

Ve total electron collision frequency, eq. (9)

Vot mean collision frequency for momentum transfer from specles r +to
species %

o) total mass density

Pr mass denslity of rth species
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electrical conductivity, eq. (12)

o
We electron cyclotron frequency
ay ion cyclotron frequency
Subscripts:
A carrier gas atom
Ar argon
At carrier gas ion
a atom
Cs cesium
e electron
i ion
r 8 species (r = e,1,a, A, AT, 8,57)
ref reference
S seed atom
gt seed ion
t ¥ species (t = e, 1,8, 4, A%, 5,5%)
Xy coordinate directions
Superscript:
- vector
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APPENDIX B

SIMPLIFICATION OF BURGERS' MOMENTUM AND ENERGY EQUATTIONS

The assumptions that are used in the reduction and simplification of
Burgers' momentum and energy equations are discussed hereln. Reference 13 may
be consulted for the general method of deriving these equations and for their
application to the calculation of the transport properties of gases.

It is assumed that the distribution function of each specles is nearly
Maxwellian with respect to the mean gas velocity, which 1s defined as

o8 = Z pra’r (B1)

r

where o is the mass density of species r and p 1s the total density, that

is, p =:z£: pyp- The mean velocity of the rth specles 1s denoted by E}.

r

The distribution function is written as the sum of the Maxwellian distribu-
tion and a small perturbation (see eq. 52, ref. 13). Because of the assumed
smallness of the perturbation, its contribution to the transfer equations is of
importance only when it appears in terms with large coefficlents. The collision
terms contain the collision frequencies as coefficients, and since these fre-
quencies are large (of the order of 1010/sec) in the cases of interest in this
report, the contribution of the perturbation must be retained in the collision
terms. Furthermore, since strong electric and magnetic flelds are to be con-
sidered herein, coefficlents containing the intensities of these fields are also
large. An example of such a coefficient is the electron cyclotron frequency
eB/me, which for the magnetic-field strengths of interest is of the order of
lO:Ll per second. Section 6, page 25, of reference 13 contains a more complete
discussion of this method of treating the perturbation terms.

The resulting equation for the transfer of momentum from specles r may be
written as

— - — - -
pr(u Iu + Vo - Nier(E* + W, X B)

mmg

Z
Ny —— rt
m, +mg

Vrt (WT - G%) - EETTFGE; (me7y - mpry) (B2)

t

The left side of equation (B2) is taken from the expression 56 on page 30 of
reference 13. Here, steady-state conditions are assumed, the gravity force is
neglected, and the intensity B of the magnetic field is expressed in mks units.
The collision term appearing on the right side is identical to expression 83 on
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page 42 of reference 13, except that Burgers! "friction coefficient” has
been related to the collislion frequency v, for momentum transfer from species
r to species t by the equality

Krt=_mrm’° N_v (B3)

r rt
m, + my

where N, 1s the number of particles of species r per unit volume. In equa-
tion (BZS, pr stands for the partlal pressure of the rth species, e, 1s the
electric charge of a particle of the rth species, ﬁ} is the drift velocity,
of this specles relative to the mean flow velocity, that is,

W, =%, -8 (B4)
and EX stands for the effective electric field in a coordinate system moving
with the mean gas veloclty:

T =F+dx3B (B5)

The coefficient = is the ratio of two cross sections (see eq. 81, ref. 13)
and is usually of order unity. The vectors ?} and ?f are reduced heat flux
vectors (defined in eq. 82, ref. 13). They will be neglected here. Thelr neg-
lect corresponds to the so-called first approximation for the diffusion coef-
flclents. The second approximation 1s obtasined by including them. Actually,
calculations using this second approximation have been carried out by the
authors along the lines of the analysls of reference 26 for a partially ionized
gas. Such calculations are rather lengthy and are not included 1n this report.
The second approximation leads to more optimistic values of the conductivity and
the power density in an MHD generator, however. (The maximum increase in con-
ductivity was about 6 percent, and the maximum increase in power density was
about 17 percent for a segmented electrode generator operating with unseeded
argon at Mach 3 with a magnetic field of 2 webers/sq m, a stagnation temperature
of 2500° K and a stagnation pressure of 3 atm.)

The equation for the transfer of energy from species r may be written as

3 - 5 - - 2y Tty
Eu.Vpr+é-Pr(V- u)-Nrerwr.E = = SNrﬁvmk(Tr-Tt)
m, +
t

(B6)

where k 1s the Boltzmann constant. The left side of equation (B6) 1s expres-
slon 59, page 31, of reference 13, while the collision term on the right side

follows from expression 99, page 50, of reference 13.
Because of the mass factor mrmt/(mr + mt)z on the right side of equa-

tion (BB), the rate of energy transfer by elastic collislons between the atom
and the ion specles is much larger than the rate of energy transfer 1n elastle
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collisions between the electrons and the atoms or the lons. Thus, it may be ex-
pected that collisions between ions and stoms will tend to maintain temperature
equilibrium between them, whereas the electron temperature may greatly exceed
the temperatures of the ions and the atoms. TFor this reason it will be assumed
that the temperatures of the ion and the atom species are the same as the static
temperature T of the gas mixture (excluding the electrons), that is,

T, =T for t £ e (B7)

The gas temperature T will be assumed to be known. As a result of these
assumptions the only energy equation that need be considered is that for the
electrons.

The inertia terms in the momentum equations for the ions and the electrons
(but not for the atoms) will be neglected. To provide some justification for
neglecting these terms, the following argument is given: A three-component
plasma consisting of electrons (e), lons (i), and atoms (a) 1s considered. The
argument may be easily extended to a seeded plasma having two atom and two ion
specles. Equations (B2) are written

—>

- —> ) — P -
De(u - VU + Vo + Nee(E + W, X B) = Mgy + Mgy (B8)
e - - - — -
— - - -
Da(u « Viu + Vog = Moo+ Moy (B10)

The collision terms for momentum transfer from species r to species t
are here abbreviated as M... Note that

ﬁft =T E&r (B11)

Since P, << P, the electron inertia term pe(ﬁ - V)4 1is clearly much smaller
than the atom inertia term Pg(U + V)u. _According to equation (B10),

[pa(a . V)E| is of the same order as Mgl = |Mgg!- Thus,

]pe(a . V)E[ << ] ea!’ and the electron inertis term in equation (B8) msy be
neglected. If it is assumed that the gas is only slightly ionized, then

p; < p,. A similar argument using equations (B9) and (B10) may be made to jus-
tify neglecting the ion inertia term.

The ion pressure gradient ¥Vp; will also be assumed small in comparison
with the electron and the atom pressure gradients because of the low degree of
ionization and the high electron temperature. Therefore, the momentum equa-
tions (B8) and (B9) are simplified to

Vpg + Nee(E + W, x B) = Ny + Mg, (B12)
— - -
- We(E* + ¥ x B) = My + My, (B13)
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In the electron energy equation, two terms involving gradients appear,

nemely, % d - Y, and g Pe(V - U). The assumption that the gas is only

slightly ionized may be utilized to show that % a - Vb >> g-pe(v - §). This
argument proceeds as follows: The continuity equation for the gas mixture is
V- (pu) =0 (B14)

from which it follows that

ved=-d- %? (B15)

Since pg, and p; are assumed to be much smaller than pg, the approximation
p ~ p, may be made in equation (Bl5). The following approximstion is then ob-

tained:

VN

S > 5_ . a
= V*u = -2 p.u —_— Bl6
= Pl )~ -2 pe (N%') (B16)

The term % q - Vbe is written as

3 > 3 2> e e ( )
20 VW, =2pU0 | —m+ — B17

z % Pe T3 Pe N T

If the gradients VN, and VN, are assumed to be of the same order,4 then be-

cause of the assumption of slight ionization, Ny >> N, comparison of expres-
sions (B16) and (Bl7) leads to the conclusion that % q - Vb > g pe(V ).

Therefore, the electron energy equation may be written as

- —%
4. Vp, + Neew, * E = -S.N K(T_ - T) —C v (B18)

DO} O

t#e

where m, has been neglected in the sum mg + my on the right side of equa-
tion (B6).
The electron pressure gradient appears in equations (Bl2) and (B18). It

will be assumed that within the generator duct there 1s a section at which the
electron temperature and electron number density together attain a meximum;

4If the lons did not diffuse away from the region where they were produced,
the relation N; + Ng = Ng = constant might be expected toc be valid at each point

(Ng is the initial atom number density before ionization takes place). Since
Ne = Ny by charge neutrality, the preceding relation would imply WNg = ~VNg.
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hence, the pressure gradient Vpe is negligibly small. The present analysis is
restricted to this region. Clearly, the assumption that the electron tempera-
ture and number density are at thelr maximum attainsble values will result in

the most optimistic estimate of generator performance.
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